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Abstract
In the context of semi-abelian categories, we develop some new aspects of the categorical
theory of central extensions by Janelidze and Kelly. If C is a semi-abelian category and X is
any admissible subcategory we give several characterizations of trivial and central extensions.
The notion of central extension becomes intrinsic when X is the subcategory of the abelian
objects in C. We apply these results to the category of internal groupoids in a semi-abelian
category. As a very special case, we get the known description of central extensions for crossed
modules.
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0. Introduction
In this paper we study the relationship between two recent developments in category
theory: the theory of central extensions and protomodular categories.
The categorical theory of central extensions was introduced in [18] as a special case
of the generalized Galois theory by Janelidze [17]. This theory proposes a notion of
centrality of extensions in a Barr exact category C which is relative to the choice of
a full re@ective subcategory X of C satisfying an admissibility condition: for instance,
when C is a congruence modular variety, the admissible subcategories are precisely the
subvarieties. This notion of central extension includes not only the classical ones of
central extensions for groups and for algebras, but also their generalizations by FrBolich
for varieties of -groups [12]. The categorical approach revealed even more its deep
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conceptual relevance when Janelidze and Kelly proved that the categorical notion of
central extension includes, in many important algebraic examples, the one introduced
in universal algebra using the theory of commutators (see [19,20]).
The second aspect of our work concerns protomodular categories. The notion of pro-
tomodular category introduced by Bourn [2] provides an appropriate context in which
one can extend homological algebra of groups, rings and other algebraic structures.
Indeed, this notion, which is stronger than the notion of Maltsev category [10,11], is
equivalent to the validity of the short Fve lemma (provided that the category is regular
and has a zero object). Beyond the fundamental algebraic examples of the varieties
of groups, rings, algebras (and, more generally, any variety of -groups), one also
has the categorical examples of the dual category of any elementary topos and the
category of internal groups in any Fnitely complete category (in particular topological
groups). Many classical results which hold in any abelian category, as for instance the
3× 3-lemma and the snake lemma, have been recently established in the non-additive
context of quasi-pointed regular protomodular categories [5]. In any protomodular cat-
egory there is a well-behaved intrinsic notion of normal monomorphism [4], as in the
example of the category of groups, even in the absence of a zero object. The abelian
objects in a protomodular category can be characterized in terms of normal monomor-
phisms: an object A is abelian precisely when the diagonal A A× A is normal [4].
More generally, the property of centrality of equivalence relations introduced by Smith
[23] is deeply related to the notion of normal monomorphism [7].
A category is semi-abelian when it is exact protomodular, it has a zero object and
Fnite coproducts [21]. This notion seems to suit well both the needs of universal
algebra and those of homological algebra. In the present paper, we show how the
main properties of the categorical theory of central extensions can be improved in the
context of semi-abelian categories. Indeed, if C is a semi-abelian category and X is
any admissible subcategory (in the sense of Janelidze and Kelly [18]) we are able to
give several characterizations of trivial and central extensions known for groups.
In the important special case, when X is the subcategory CAb of the abelian objects
in C, we show that there is a nice intrinsic notion of central extension. More precisely,
we prove that an extension f :A → B in C is central with respect to the admissible
subcategory CAb if and only if the arrow s0 in the following diagram, where R[f] is
the kernel pair of f,
R[f]
d0−→
s0←−
d1−→
A −→
f
B
is a normal monomorphism (in the sense of Bourn [4]); in the context of semi-abelian
categories this is equivalent to the fact that s0 is the kernel of some arrow. These central
extensions are precisely those regular epimorphisms which are the normalizations (in
the sense of Bourn [5]) of the internal connected groupoids in C. An application of
these results is also given for the category of internal groupoids in a semi-abelian
category. As a very special case, we get the known description of central extensions
for crossed modules [15].
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1. Preliminaries
In this section we recall a few deFnitions and examples; we then present a simple
lemma on (quasi) pointed exact protomodular categories needed in the following.
If C is a Fnitely complete category, Pt(C) denotes the category whose objects are
the split epimorphisms with a given splitting and morphisms the commutative squares
between these data. Let  :Pt(C) → C be the functor associating its codomain with
any split epimorphism. When the category C has pullbacks the functor  is a Fbra-
tion, which is called the Fbration of pointed objects; a protomodular category C is
a left exact category such that every change of base functor with respect to the F-
bration  is conservative (i.e. it re@ects isomorphisms). If C has a zero object, this
condition is equivalent to the split short Fve lemma, as shown in [2]. A protomodular
category is a Maltsev category [3], i.e. any re@exive relation in it is an equivalence
relation.
A category C is regular if it is Fnitely complete, every kernel pair has a coequalizer
and regular epimorphisms are stable under pullbacks. A regular category is (Barr)
exact if any equivalence relation is eGective [1]. A semi-abelian category is an exact
protomodular category with a zero object and Fnite coproducts [21].
Examples 1.1. The categories of groups; rings; Lie algebras; crossed modules and; more
generally; any variety of -groups [16] are semi-abelian. Further important examples of
semi-abelian categories are given by the category of Heyting algebras; by any abelian
category and by the dual category of the category of pointed sets. The category Grp(C)
of internal groups in any Fnitely complete category C and; more generally; any Fbre
GrpdX (C) of the Fbration associating its object of objects with any internal groupoid
in C are protomodular. Finally; the dual category of any elementary topos is exact
protomodular [3].
The results we present in the Frst two sections require a weaker assumption than
the existence of a zero object. Indeed, we shall only assume that the category C is
quasi-pointed, namely that it has an initial object 0 with the property that the unique
arrow from 0 to the terminal object 1 is a monomorphism. This implies that, given an
object A in C, there is at most one arrow A → 0, and that the kernel equivalence of
this arrow (when it exists) is the same as the kernel equivalence of the unique arrow
A→ 1, namely the coarse relation ∇A on A.
If f :A→ B is an arrow in a Fnitely complete quasi-pointed category C, we denote
by Ker(f) :K[f]→ A the kernel of f, which is given by the pullback
K[f]
Ker(f)−−−−−→ A












f
0 −−−−−→ B:
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We denote by R[f] the kernel relation of f. The following result will be needed:
Lemma 1.1. Consider a commutative diagram of regular epimorphisms
A h−−−−−→ C
f






(1)






g
B −−−−−→
l
D;
in a quasi-pointed exact protomodular category. This square is a pushout if and only
if the restriction K(f) :K[h]→ K[l] to the kernels is a regular epimorphism.
Proof. Since any protomodular category is Maltsev; the regular epimorphisms in Eq(C)
are the levelwise regular epimorphisms [14]. It follows that the square (1) is a pushout
precisely when the extension Jf :R[h]→ R[l] to the kernel relations is a regular epi:
R[h]
d−−−−−→−−−−−→c A
h−−−−−→ C






Jf






f






g
R[l]
−−−−−→−−−−−→

B −−−−−→
l
D:
The arrow c ◦Ker(d) is the kernel of h and  ◦Ker() is the kernel of l. Now let (1)
be a pushout: then Jf :R[h]→ R[l] is a regular epi. Consider the diagram
K[d]
K(f)−−−−−→ K[]
Ker(d)












Ker()
K[ Jf]
Ker( Jf)−−−−−→ R[h] Jf−−−−−→ R[l]






K(d) e












d (2) 













K[f] −−−−−→
Ker(f)
A −−−−−→
f
B
where the square (2) commutes with the splittings. By Corollary 10.2 in [5] it follows
that K(f) :K[d]→ K[] is a regular epi.
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Conversely, if K(f) :K[d]→ K[] is a regular epi, one can see that the arrow Jf is
a regular epi by applying Corollary 9.1 in [5] to the following exact sequences:
K[d]
Ker(d)−−−−−→ R[h] d−−−−−→ A
K(f)












Jf






f
K[] −−−−−→
Ker()
R[l] −−−−−→

B:
2. Equivalent denitions of central extension
In this section, we brie@y recall the main deFnitions of the categorical theory of
extensions, referring to [18] for more details. We also show that the categorical notion
of central extension and (the natural generalization of) the deFnition given by FrBolich
for varieties of -groups are equivalent in the very general context of quasi-pointed
exact protomodular categories.
If X is a re@ective full replete subcategory of an exact category C, we denote
by H :X → C the inclusion functor and by I :C → X its left adjoint. Since in the
following C will be always assumed to be protomodular, such a subcategory X is
admissible in the sense of Janelidze and Kelly [18] precisely when it is closed in C
under subobjects and quotients.
By an extension in C we simply mean a regular epimorphism in C. If  : 1 → HI
denotes the unit of the adjunction, an extension f :A→ B in C is trivial if the following
square is a pullback:
A
A−−−−−→ HIA
f






(3)






HIf
B −−−−−→
B
HIB:
An extension f :A→ B is (E; p)-split, where p :E → B is itself an extension of B,
when (E×
B
A; s) in the following pullback is a trivial extension of E.
E ×
B
A −−−−−→
t
A






s f






E
p−−−−−→ B:
Denition 2.1. An extension f :A→ B in C is central when there exists an extension
(E; p) of B such that (A; f) is (E; p)-split.
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An extension f :A → B is normal if it is (A; f)-split. If one denotes by Triv(B),
Centr(B) and Norm(B) the full subcategories of the category Ext(B) (extensions with
codomain B) given by the trivial, central and normal extensions of B, one has
Triv(B) ⊆ Norm(B) ⊆ Centr(B) ⊆ Ext(B):
Let us then Fx some notations: if C is quasi-pointed and X is an admissible sub-
category of C, we denote by KA the kernel of the unit of the adjunction A, by
K(g) :KA→ KB the restriction to KA of any arrow g :A→ B in C.
If C is a quasi-pointed exact protomodular category there is a simple characterization
of trivial extensions:
Lemma 2.1. An extension f :A → B is trivial with respect to the adjunction
X
I←−−−−−
⊥−−−−−→
H
C if and only if K(f) :KA→ KB is a monomorphism.
Proof. The square (3) is a pullback precisely when K(f) is an isomorphism [8]. By
Lemma 1.1 the proof is complete; since (3) is always a pushout of regular epimor-
phisms.
The following theorem is a natural generalization of Theorem 5.2 in [18] and applies
to many new examples: any abelian category, the category of internal groups in any
exact category C, the category GrpdX (C) when C is an exact category, the dual of the
category of pointed sets and the variety of Heyting algebras. We remark that condition
(8) literally extends the deFnition of central extension given by FrBolich [12] and Lue
[22] for varieties of -groups.
If f :A → B is an extension, we denote by d0; d1 the projections of the kernel
relation R[f] and by s0 :A→ R[f] the subdiagonal.
Theorem 2.1. Consider the admissible adjunction
X
I←−−−−−
⊥−−−−−→
H
C
where C is quasi-pointed exact protomodular. The following conditions are equivalent:
(1) f is central;
(2) f is normal;
(3) K(d0) is a mono;
(4) K(d0) is an iso;
(5) K(s0) is a regular epi;
(6) K(s0) is an iso;
(7) K(d0) = K(d1);
(8) for any x; y :D→ A such that f ◦ x = f ◦ y; one has K(x) = K(y).
Proof. (1) and (2) are equivalent by Theorem 4.8 in [18], (2) and (3) are equivalent
by Lemma 2.1. The conditions (3)–(6) are trivially equivalent and (6) implies (7). To
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prove that (7) implies (3) consider two arrows  and  from any object D to K(R[f])
with the property that K(d0) ◦ =K(d0) ◦ . One has Ker(A) ◦K(d0) ◦ =Ker(A) ◦
K(d0) ◦ ; then d0 ◦ Ker(R[f]) ◦ = d0 ◦ Ker(R[f]) ◦ . By assumption it follows that
Ker(A)◦K(d1)◦ =Ker(A)◦K(d1)◦; so that d1 ◦Ker(R[f])◦ =d1 ◦Ker(R[f])◦
and then = .
Since (8) clearly implies (7), the proof will be complete if we show that (7) implies
(8). Let x and y be two arrows from an object D to A such that f ◦ x=f ◦ y. By the
universal property of the kernel pair R[f] there is an arrow * :D → R[f] such that
d0 ◦ *= x and d1 ◦ *= y. It follows K(x) =K(d0) ◦K(*) =K(d1) ◦K(*) =K(y).
3. The subcategory of abelian objects
In this section, we characterize those extensions which are central with respect to
the admissible subcategory of the abelian objects.
From now on we shall assume, for the sake of simplicity, that the category C is
semi-abelian, although a careful inspection of the proofs shows that the same results
hold more generally in any pointed exact protomodular category with coequalizers.
If C is a semi-abelian category, the full subcategory CAb of abelian objects is given
by those objects which have an internal abelian group structure. This abelian subcate-
gory is certainly admissible [14], being a re@ective subcategory closed in C under both
subobjects and quotients. There is then an adjunction
CAb
I←−−−−−
⊥−−−−−→
H
C;
where H is the forgetful functor and I its left adjoint, perfectly paralleling the classical
adjunction
Ab
Ab←−−−−−
⊥−−−−−→
H
Grp;
where Grp is the category of groups and Ab the category of abelian groups. The form
of the central extensions with respect to the previous adjunction is very simple:
Proposition 3.1. An extension f :A→ B is central with respect to
CAb
I←−−−−−
⊥−−−−−→
H
C
if and only if in the diagram
R[f]
d0−−−−−→
s0←−−−−−
d1−−−−−→
A−−−−−→
f
B (4)
s0 is a kernel.
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Proof. An extension t :C → D is trivial precisely when the square
C
C−−−−−→ HIC
t












HIt
D −−−−−→
D
HID
is a pullback. The category CAb being abelian; any monomorphism is a kernel in
CAb. Moreover; kernels are stable by pullbacks in C. Accordingly; the necessity of the
condition will be established if we show that in a pullback of regular epis
E ×
B
A s−−−−−→ A
t












f
E −−−−−→
g
B;
which can be completed by the kernel relations
R[t] Js−−−−−→ R[f]






1






t0






0






d1






s0






d0
E ×
B
A s−−−−−→ A
t












f
E −−−−−→
g
B;
s0 :A→ R[f] is a kernel if and only if t0 :E×
B
A→ R[t] is a kernel.
This follows from the fact that (5) + (6) and (6) in the diagram
E ×
B
A
t0−−−−−→ R[t] 0−−−−−→ E ×
B
A
s






(5)






Js (6)






s
A −−−−−→
s0
R[f] −−−−−→
d0
A
are pullbacks, so that in the pullback (5) the monomorphism s0 is a kernel if and only
if t0 is a kernel (remark that the arrows s and Js are regular epimorphisms and use the
results in [6] or in [21]).
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Conversely, let us assume that f :A → B has the property that s0 :A → R[f] is a
kernel. We are going to prove that f is a normal extension, namely that it is (A; f)-split.
We Frst remark that the arrow d0 in the diagram (4) above is an epimorphism split
by the kernel s0 :A → R[f]. By Proposition 12 in [4], we can assert that the kernel
pair R[f] of f is given by (K[d0]× A; A; Jd1) as in the diagram
K[d0]× A
Jd1−−−−−→ A
A












f
A −−−−−→
f
B:
In order to show that f is a central extension, we shall prove that A :K[d0]×A→ A
is a trivial extension. Our assumption that s0 is a kernel implies that the diagonal
k0 :K[f] → K[f] × K[f] is a kernel, proving that the object K[f] is abelian [4].
Accordingly, the object K[d0] is abelian, being isomorphic to K[f] by Corollary 6
in [5]. The extension A is the pullback along the terminal arrow of the extension
q :K[d0]→ 0:
K[d0] ×A −−−−−→ K[d0]
A












q
A −−−−−→ 0:
The extension q : K[d0] → 0 is trivial, since it lies in CAb. The stability of trivial
extensions under pullbacks implies that A is a trivial extension, as desired.
Remark 3.1. The precise relationship between the property of normality of a monomor-
phism and the property of centrality of equivalence relations was clariFed in [7]. The-
orem 5.2 in [7] and the Proposition 3.1 allow to recover the plain meaning of a central
extension: indeed; the fact that the arrow s0 :A→ R[f] is a kernel precisely means that
the equivalence relations ∇A and R[f] are connected (or; expressed in the language of
universal algebra; the relation ∇A centralises R[f] [23]). Therefore; this result asserts
the equivalence of the notions of categorically central extension and of algebraically
central extension (in the sense of Janelidze and Kelly [19]) in any semi-abelian cate-
gory.
Let C be a semi-abelian category and let ConnGrpdB(C) denote the category of
connected internal groupoids in C over B. These are the internal groupoids having B
as object of objects
X1
d−−−−−→−−−−−→c B
and such that the induced arrow (d; c) :X1 → B × B is a regular epimorphism. The
central extensions described in Proposition 3.1 turn out to be precisely those regular
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epimorphisms which are the normalizations (in the sense of Bourn [5]) of the internal
connected groupoids, where the normalization of a groupoid as above is the composite
coKer(d):
K[d]
Ker(d)−−−−−→X1 c−→B:
Corollary 3.1. Let C be a semi-abelian category. An extension f :A → B is central
with respect to
CAb
I←−−−−−
⊥−−−−−→
H
C
if and only if it is the normalization of a connected internal groupoid in ConnGrpdB(C).
Proof. It follows from Proposition 17 in [5] and from Proposition 3.1 above; once one
has noticed that an extension
R[f]
d0−−−−−→
s0←−−−−−
d1−−−−−→
A −−−−−→
f
B
has the property that s0 is a kernel precisely when the monomorphism
K[f]
Ker(f)−−−−−→ A s0−−−−−→ A× A
is a kernel; since both conditions mean that ∇A and R[f] are connected [7].
4. Central extensions for internal groupoids
In this section, we give a characterization of central extensions for the internal
groupoids in a semi-abelian category. We derive from this a description of central
extensions in the category of crossed modules, which is known to be equivalent to
the category Grpd(Grp) of internal groupoids in the category of groups [9]. We begin
with the following lemma:
Lemma 4.1. Let C be a =nitely complete category with coequalizers. The following
conditions are equivalent:
1. C is exact protomodular;
2. Grpd(C) is exact protomodular.
Proof. (1) ⇒ (2) Since any protomodular category is Maltsev; then Grpd(C) is exact
by Proposition 3.3 in [13]. To prove that it is protomodular; it is enough to Fnd a
functor from Grpd(C) to C which is conservative and preserves pullbacks. For this;
consider the forgetful functor M :Grpd(C) → C on the object of morphisms: more
precisely M takes the internal groupoid
A1×
A0
A1
1−−−−−→
m−−−−−→
2−−−−−→
A1
d−−−−−→
e←−−−−−
c−−−−−→
A0
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to the object A1; with obvious deFnition on morphisms; M preserves pullbacks and
re@ects isomorphisms.
(2) ⇒ (1) Again by Proposition 3.3 in [13] one knows that C is exact. More-
over the discrete functor D :C → Grpd(C) preserves Fnite limits and is conservative.
Accordingly, the protomodularity of Grpd(C) can be lifted to C.
Consequently, if C is a semi-abelian category, so is the category Grpd(C). Its full
admissible subcategory [Grpd(C)]Ab of abelian objects is easily seen to be equivalent
to the category Grpd(CAb). We shall be interested in studying the admissible adjunction
Grpd(CAb)
Ab2←−−−−−
⊥−−−−−→
W
Grpd(C)
or, equivalently,
RG(CAb)
Ab2←−−−−−
⊥−−−−−→
W
Grpd(C);
the category Grpd(CAb) being isomorphic to the category of internal re@exive graphs
RG(CAb), since CAb is abelian.
The fact that Fnite limits and coequalizers in Grpd(C) are calculated as in RG(C)
(see Lemma 3.1 in [13]) allows one to apply our description of the central extensions
in the base category C given in the previous section in order to obtain the following
characterization:
Proposition 4.1. Consider the adjunction
RG(CAb)
Ab2←−−−−−
⊥−−−−−→
W
Grpd(C)
An extension (f0; f1) in Grpd(C)
A1
d−−−−−→
e←−−−−−
c−−−−−→
A0
f1












f0
B1
−−−−−→
←−−−−−
−−−−−→
B0
is central with respect to this adjunction if and only if both f0 and f1 are central
extensions with respect to the adjunction CAb
I←−−−−−
⊥−−−−−→
H
C.
Let us Fnally give an interpretation of this result when C is the category of groups.
A crossed module is a group homomorphism / :A → B together with an action of
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the group B on the group A satisfying the axioms /(ba) = b/(a)b−1 and /(a)a1 =
aa1a−1 ∀a; a1 ∈A; ∀b∈B. A morphism in the category of crossed modules X -Mod
from / :A → B to /′ :A′ → B′ is a pair (f0; f1) of group homomorphisms as in the
diagram
A −−−−−→
/
B






f1 f0






A′ /
′
−−−−−→ B′
such that f0 ◦ /= /′ ◦ f1 and f1(ba) = f0(b)f1(a).
Standard algebraic examples of crossed modules are:
(1) An inclusion of a normal subgroup, with action given by conjugation;
(2) the inner automorphism map 1 :M → Aut(M), where 1(m)(n) = mnm−1;
(3) any central extension for groups.
The centre Z(/) of a crossed module / :A→ B is the crossed module
J/ :AB → Z(B) ∩ stB(A);
where AB={a∈A | ba=a for all b∈B}; stB(A)={b∈B | ba=a for all a∈A}; Z(B) is
the centre of B (in Grp) and J/ is the induced morphism. Remark that AB is contained
in Z(A). A crossed module / :A→ B is abelian when it coincides with its centre: this
is equivalent to the fact that B is an abelian group and the action of B on A is trivial,
which also implies that A is abelian. We shall denote by AX -Mod the full subcategory
of X -Mod given by the abelian crossed modules. Using the equivalence between the
categories Grpd(Grp) and X -Mod [9] one can check that the adjunction
RG(Ab)
Ab2←−−−−−
⊥−−−−−→
W
Grpd(Grp)
precisely corresponds to the adjunction
AX -Mod
F←−−−−−
⊥−−−−−→
U
X -Mod
where F is the left adjoint to the inclusion functor U . The known description of the
central extensions in X -Mod [15] is a special case of Proposition 4.1, as we can see
in the following
Corollary 4.1. An extension (f0; f1) in X -Mod
A −−−−−→
/
B






f1 f0






A′ /
′
−−−−−→ B′
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is a central extension with respect to the adjunction above if and only if Ker(f0; f1) ⊆
Z(/).
Proof. This follows directly from Proposition 4.1 using the equivalence between the
categories Grpd(Grp) and X -Mod. The properties
(1) f0 and f1 are central extensions for groups;
(2) bk = k; for any b∈B; k ∈Ker(f1) and
(3) k
′
a= a; for any k ′ ∈Ker(f0); a∈A
are equivalent to the fact that the corresponding extension (f0; f1of0) in Grpd(Grp);
which we picture here as
A o B
c−−−−−→−−−−−→
d
B
f1of0












f0
A′o B′
−−−−−→−−−−−→

B′;
is such that both f0 and f1 o f0 are central extensions for groups. The result then
follows easily.
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